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ABSTRACT. Let G be a locally compact group and B(G) the Fourier-Stieltjes
algebra of G. We study the problem of how weak*-closedness of some trans-
lation invariant subspaces of B(G) is related to the structure of G. Moreover,
we prove that for a closed subgroup H of G, the restriction map from B(G)
to B(H) is weak*-continuous only when H is open in G.

INTRODUCTION

Let G be a locally compact group, and let B(G) be the Fourier-Stieltjes algebra
of G as defined by Eymard [8]. Recall that B(G) is the linear span of all continuous
positive definite functions on G and can be identified with the Banach space dual
of C*(@), the group C*-algebra of G. The space B(G), with the norm as dual
of C*(@), is a commutative Banach *-algebra with pointwise multiplication and
complex conjugation. The Fourier algebra A(G) of G is the closed *-subalgebra
of B(G) generated by the functions in B(G) with compact support. In particular,
A(G) is contained in Cy(G), the algebra of complex valued continuous functions
on G vanishing at infinity. As is well known A(G) is weak*-dense in B(G) if and
only if G is amenable. In [3] translation invariant *-subalgebras A of B(G) were
studied, and it was shown that if such A is weak*-closed and point separating, then
it must contain A(G). However, apart from this, very little seems to be known
about weak*-closed subspaces of B(G).

The first purpose of this paper is to investigate the relation between weak*-
closedness of certain interesting norm-closed translation invariant subspaces of
B(G) and the structure of G. Secondly, we solve the problem of when, for a closed
subgroup H of G, the restriction map from B(G) to B(H) is weak*-continuous.

A brief outline of the paper is as follows. In Section 2 we establish for al-
most connected locally compact groups G the relation between weak*-closedness
of Bo(G) = B(G) N Cy(G) in B(G) and the structure of G (Theorem 2.10). The
key result is that for a connected Lie group G, By(G) is weak*-closed in B(G) if
and only if G is a reductive Lie group with compact centre and Kazhdan’s property
(7).
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If G is a compact group, then for any unitary representation 7 of G, the Fourier
space A;(G) associated to 7 (see [1] for the definition and properties of A.(G))
is weak*-closed in B(G). Note that A(G) = Ax.(G), where Ag denotes the left
regular representation of G. In Theorem 3.6 we shall show that, conversely, if G
contains an almost connected open normal subgroup and A(G) is weak*-closed in
B(G), then G is compact. We also give a characterization of compactness of G in
terms of the weak* and the norm topologies on the unit sphere of B(G) (Theorem
3.9).

Besides the left regular representation, one of the most interesting representa-
tions of a locally compact group G is the conjugation representation vo of G on
L*(G). In contrast to A(G), A, (G) need not be a subalgebra and it can at best
determine the structure of G/Z(G), where Z(G) denotes the centre of G. We prove
that if G is a Lie group with countably many connected components and A, (G)
is weak*-closed in B(G), then G/Z(G) is compact (Theorem 4.8).

Let H be a closed subgroup of an arbitrary locally compact group G. Clearly, the
restriction map B(G) — B(H) is continuous for the weak*-topologies whenever H is
open. In the final section 5 we succeed in showing that conversely weak*-continuity
of the restriction map forces H to be open in G.

1. PRELIMINARIES

Throughout this paper, G denotes a locally compact group with a fixed left Haar
measure dz and modular function A, L!(G) the convolution algebra of integrable
functions on G and C* (@) the group C*-algebra of G. The Fourier-Stieltjes algebra
B(G) is the Banach space dual of C*(G) and as such carries the weak*-topology (w*-
topology, for short) o(B(G),C*(G)). The basic reference on Fourier and Fourier-
Stieltjes algebras is [8].

Next, we have to introduce some notation from representation theory. We use the
same letter, for example 7, for a unitary representation of G and for the correspond-
ing *-representation of C*(G). H, will always denote the Hilbert space of m and
kerm the C*-kernel of 7. If S and T are sets of unitary representations of GG, then
S is weakly contained in T' (S < T) if (),cgkero D [,y ker 7 or, equivalently, if
every positive definite function associated to S can be uniformly approximated on
compact subsets of G by sums of positive definite functions associated to T'. Also
S and T are weakly equivalent (S ~T)if S <T and T < S.

The dual space G of G is the set of equivalence classes of irreducible representa-
tions of G, endowed with the Jacobson topology. For a representation m of G, the
support of 7 is the closed subset suppm = {p € G: p<m}of G. In particular, the
support of the left regular representation A is the reduced dual G, and Ag (C*(G))
is the so-called reduced group C*-algebra of G which is denoted by C}(G). If N is
a closed normal subgroup of G, then every representation of G/N can be lifted to a
representation of G, and in this sense, (G/N)~will always be regarded as a subset
of G. For general references to representation theory and dual spaces we mention
[5] and [10].

G is called amenable if there exists a non-zero positive linear functional m on
the space C*(G) of bounded continuous complex valued functions on G such that
m(.f) = m(f) for all f € C*(Q) and = € G, where . f(y) = f(z~1y). Recall that
amenability is equivalent to a number of different conditions: C}(G) = C*(QG),
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ér =G or 1g < Ag where 1g is the trivial one-dimensional representation of G.
Concerning the theory of amenable groups, we refer the reader to [29] and [30].

Let H be a closed subgroup of GG, and suppose that ¢ and 7 are representations
of H and G respectively. The representation of G induced by ¢ is denoted indf, 0.
Then the tensor product 7 ® indg o is equivalent to indg (r|H ® o). Furthermore,
by the theorem on induction in stages, indg o= ind%(indg o) for every closed
subgroup K of G containing H. Finally, we will frequently use that = < indg(ﬂH )
if G is amenable [12, Theorem 5.1].

Let A be a C*-algebra and A its dual space, i.e. the set of equivalence classes of
non-degenerated irreducible *-representations of A. We will several times use the
fact that if the Banach space dual A* of A is separable in the norm topology, then
A is countable (see [15, Theorem 3.1] or [23, Lemma 4.12]).

2. WHEN 18 By(G) w*-CLOSED IN B(G)?

For a locally compact group G, let Bo(G) = B(G) N Cy(G) denote the norm-
closed and translation invariant subalgebra of B(G) consisting of all functions in
B(G) that vanish at infinity. In this section we shall study the problem of when
By(G) is closed in B(G) with respect to the w*-topology on B(G).

It turns out to be appropriate to reformulate this condition in terms of conver-
gence of positive definite functions. The following lemma, which is a consequence
of [8, (2.1) and (2.12)], will be used frequently.

Lemma 2.1. Let P(G) denote the set of all normalized continuous positive definite
functions on G. The following are equivalent:

(i) Bo(G) is w*-closed in B(QG).

(ii) If (p,) is a net in P(G) N Cy(G) converging to some ¢ € P(G) uniformly on
compact subsets of G, then ¢ € Co(G).

Lemma 2.2. Suppose that Bo(G) is w*-closed in B(G). Then every amenable
closed normal subgroup of G is compact. In particular, for an amenable group G,
By(G) is w*-closed in B(G) only when G is compact.

Proof. Let N be an amenable closed normal subgroup of G. Then the trivial one-
dimensional representation 1y of IV is weakly contained in the left regular repre-
sentation Ay of V. Hence, by continuity of inducing, ind% 1y is weakly contained
in indg AN, which is equivalent to Ag.

Let g : G — G/N denote the quotient homomorphism. Then indg Inv = Ag/nog-
Thus every positive definite function ¢ associated to Ag,n © ¢ is a uniform on
compacta limit of functions in A(G) N P(G) C By(G). Hence, by hypothesis,
¢ € Cy(G). Since such a ¢ is constant on cosets of N, N must be compact. |

We continue with two inheritance properties.

Lemma 2.3. Let H be an open subgroup of the locally compact group G. If By(G)
is w*-closed in B(G), then Bo(H) is w*-closed in B(H).

Proof. Let (¢,) be anet in P(H) N Cy(H) such that ¢, — ¢ € P(H) uniformly on
compact subsets of H. Let p, and ¢ denote the trivial extensions of ¢, and ¢ to G,
that is, ¢(x) = @, (x) = 0 for z € G\ H. Clearly, then p, € P(G)NCy(G), ¢ € P(G)
and ¢, — ¢ uniformly on compact subsets of G. By hypothesis, ¢ € Cy(G) and
hence p € Co(H). O
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Lemma 2.4. Let G be a locally compact group and K a compact normal subgroup
of G. Then By(G) is w*-closed in B(G) if and only if Bo(G/K) is w*-closed in
B(G/K).

Proof. Suppose that By(G) is w*-closed in B(G), and let (¢,) be anet in P(G/K)N
Co(G/K) converging to some ¢ € P(G/K) uniformly on compact subsets of G/K.
Then, with ¢ : G — G/K the quotient homomorphism, ¢, o ¢ — ¢ o ¢ uniformly on
compact subsets of G and p,0q € Cy(G) since K is comapct. Hence, by hypothesis,
pogqe Cy(G) and so ¢ € Cy(G/K).

Conversely, suppose that Bo(G/K) is w*-closed in B(G/K), and let ¢ € P(G)
and (¢,) € P(G) N Cy(G) such that ¢, — ¢ uniformly on compact subsets of G.
Define 9, and ¥ on G/K by

b (eK) = /K o, (k) Pk and (2K = /K (k) P,

x € G (dk being the normalized Haar measure on K'). Then
Y € P(G/K) and ¢, € P(G/K)N Cy(G/K),

and 1, — 9 uniformly on compact subsets of G/K. Hence ¢ € Cyp(G/K).
For § € K, let xs denote the corresponding minimal idempotent in L*(K). Then
by the Cauchy-Schwarz inequality,

|0 % xs(2)| < [W(xK)|?

for every x € G. Since K is compact, this implies ¢ * x5 € Co(G) for each 6 € K.
Now the linear span of {xs : § € K} is dense in Z(L'(K)), the centre of L!(K).
It follows that for any f € Z(L'(K)), ¢ * f is a uniform limit on G of finite
linear combinations of functions ¢ * xs, § € K. Hence ¢ * f € Co(G) for every
f € Z(LY(K)). Finally, taking for f functions in Z(L'(K)) with support shrinking
to {e}, we easily conclude that ¢ € Cy(G). This completes the proof. O

We now turn to connected Lie groups. Theorem 2.7 below is the key result in
this section.

Lemma 2.5. Let G be a connected Lie group and N a connected closed normal
subgroup. If Bo(G) is w*-closed in B(G), then the centre Z(N) of N is compact
and N/Z(N) is semisimple.

Proof. Let R denote the radical of N. Then R and Z(N) are amenable normal
subgroups of G, and therefore both must be compact by Lemma 2.2. Since R is
solvable and connected Lie, it is isomorphic to a torus T™. Hence Aut(R), the
automorphism group of R, is discrete. Now, GG acts by conjugation on R, and this
defines a continuous homomorphism from G into Aut(R). G being connected, this
homomorphism has to be trivial. This shows that R is contained in the centre of
G. So R C Z(N) and hence N/Z(N) is semisimple. O

We remind the reader that a locally compact group G is said to have Kazhdan’s
property (T) if the trivial representation 1¢ is an isolated point in the dual space
G. An amenable group satisfies (T)) if and only if it is compact. On the other hand,
many connected semisimple Lie groups and many discrete groups share property
(T"). A comprehensive account on groups with property (") has been given in [14].
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Lemma 2.6. Let G be a connected Lie group such that Bo(G) is w*-closed in B(G).
Then G has property (T).

Proof. By Lemma 2.5, G is reductive with compact centre. Let
ézR”xGlx---xGm

be the universal covering group of G, where G1, ..., Gy, are simply connected Lie

groups. Denote by Z; the (discrete) centre of G;, i =1,...,m. Then G = G/T for

some discrete subgroup I of the centre Z(G) = R™ x Zy X - -+ X Zp, of G. Moreover,
Z(G) = Z(G)/T. Hence
GJZ(G) = GJZ(G) = G1/Z1 X -+ X G/ Z.

Since Z(G) is compact, Bo(G/Z(G)) is w*-closed in B(G/Z(G)) (Lemma 2.4).
Assume, towards a contradiction, that G does not have property (T'). Then G/Z(G)
does not have property (T'). Hence some factor, say G1/Z1, fails to have property
(T') (see [35, Lemma 7.4.1]). Now, recall the following result due to Howe and Moore
[35, Theorem 2.2.20]. If 7 is a unitary representation of a simple Lie group with
finite centre and if there are no non-zero m-invariant vectors, then all the matrix
coeflicients of 7 vanish at infinity. Therefore, there exists a sequence

() € P(G1/Z1) N Co(G1/2h)

converging to 1 uniformly on compact subsets of G1/Z;. Observe that G1/Z; is
not compact. Now choose arbitrary

o®) e P(Gr/Zx) N Co(Gr/Z1),
k=2,...,m, and set

cpnzga;l)xgo -~~><gp(m).

Clearly, (¢y,) is a sequence of continuous positive definite functions on G/Z(G) that
vanish at infinity, and

@)

m)

Qon_>1><§0(2)><"'><30(

uniformly on compact subsets of G/Z(G). Since 1 x ¢ x --- x (™ does not
vanish at infinity, we have reached a contradiction. Thus G has property (7). O

Theorem 2.7. Let G be a connected Lie group. Then Bo(G) is w*-closed in B(G)
if and only if G is a reductive Lie group with compact centre and Kazhdan’s property
(T).

Proof. From Lemma 2.5, applied to N = G, and Lemma 2.6 we know that w*-
closedness of By(G) in B(G) implies the stated conditions on G.

Suppose now that G is a connected reductive Lie group with compact centre Z(G)
and property (T"). According to Lemma 2.4 it suffices to show that Bo(G/Z(Q)) is
w*-closed in B(G/Z(G)). Recall from the proof of Lemma 2.6 that G/Z(G) has a
decomposition

G/Z(G) = Gl/Zl X - X Gm/Zm,
where G, ..., G, are connected simple Lie groups with centres Z1, ..., Z,,, respec-
tively. Set H = G/Z(G) and H; = G;/Z; for i = 1,...,m, and observe that every
H; has property (T'). Of course, according to Lemma 2.4 we can assume that none
of the H; is compact.
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Let ¢, € P(H)NCy(H), n € N, such that ¢, — ¢ uniformly on compact subsets
of G for some ¢ € P(H). Let m, and 7 denote the representations of H associated
to ¢, and ¢ through the GNS-construction. Then 7 is weakly contained in the
direct sum @, | my.

We claim that the restriction w|H; of m to H; does not contain the trivial repre-
sentation 1g,. Indeed, otherwise for some n € N, w,|H; contains 1, since H; has
property (T'). However, since ¢, € Co(H), all the matrix coeflicients of m, vanish
at infinity.

We have thus verified that H satisfies the hypotheses of the Howe-Moore theorem
[35, Theorem 2.2.20]. It follows that all the matrix coefficients of  vanish at infinity.
This proves that ¢ € Co(H). O

In order to deal with almost connected groups we need one more lemma.

Lemma 2.8. Let G be a locally compact group and H a closed subgroup such that
G/H is compact. If Bo(H) is w*-closed in B(H), then By(G) is w*-closed in B(G).

Proof. For any function ¢ on G and z,y € G, let

28(y) = S(a7y), b (y) = d(yx) and 67 (y) = d(z~ yz).
Notice first that if v is a positive definite function on G, then ¥* + ¥ + ¢ + ¥,
and ¥* + 1 + i(,¥) — 1) are also positive definite for every z € G. Indeed, for all
feli(G)

W+ + o0+, [) = (P, 0z + 6e)" * f* (62 + be))
and
<¢w + "/} + l(ziﬁ - ww)u f> = <¢7 (66 - 261)* * f * (66 - 2(51»
Let (¢,) be a net in P(G) N Cy(G) converging to some ¢ € P(G) uniformly on
compact subsets of G. Then, uniformly on compact subsets of G, ¢¥ — ¢©”,
O+t 2(@) + () = ¢ o+ 20+ @o

and

o T o Filap — (0)2) = @ + o+ (e — o)
for every x € G. Thus, since Bo(H) is w*-closed in B(H),

|H, ¢"|H, (" + ¢+ 2p + ) |[H and (0" + ¢ +i(ap — )| H

vanish at infinity on H. It follows that ,o|H € Co(H) for each x € G. Since
G/H is compact, employing the uniform continuity of ¢, it is easily verified that

e Co(G) O

The converse to Lemma 2.8 does not hold in general. That is, if By(G) is w*-
closed in B(G) and H is a closed cocompact subgroup of G, then By(H) need not
be w*-closed in B(H). As an example, take for G a simply connected Lie group
with finite centre and property (7') and for H a minimal parabolic subgroup. Then
by the Howe-Moore result referred to in the proofs of Lemma 2.6 and Theorem 2.7,
By(G) is w*-closed in B(G), while Byo(H) fails to be w*-closed in B(H) since H is
non-compact and amenable.

Corollary 2.9. Let G be a connected Lie group and N a connected closed normal
subgroup of G such that G/N is compact. Then Bo(G) is w*-closed in B(G) if and
only if Bo(N) is w*-closed in B(N).
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Proof. Suppose that By(G) is w*-closed in B(G). By Lemma 2.5, Z(N) is compact
and N/Z(N) is semisimple. Also, since G has property (T') by Lemma 2.6 and G/N
is compact, N has property (T') [34, Theorem 3.7]. By Theorem 2.7 this implies
that Bo(NV) is w*-closed in B(N).

The converse is a special case of Lemma 2.8. O

Theorem 2.10. Let G be an almost connected locally compact group. Then By(G)
is w*-closed in B(G) if and only if the connected component Gy of G is a projective
limit of reductive Lie groups with property (T') and compact centres.

Proof. Suppose first that G has the indicated structure. Choose a compact normal
subgroup K of Gy such that Go/K is a reductive Lie group with property (T') and
compact centre. By Theorem 2.7, By(Go/K) is w*-closed in B(Go/K). Since K
and G/Gy are compact, an application of Lemmas 2.4 and 2.8 yields that By(G) is
w*-closed in B(G).

Conversely, suppose that By(G) is w*-closed in B(G). G being almost connected
it is a projective limit of Lie groups G/K,. Thus there are closed normal subgroups
H, of finite index in G such that K, C H, and H,/K, = (G/K,)o. Then Gy is the
projective limit of the groups Go/Go N K,, and the Go/Go N K, are connected Lie
groups since

CT'O/C"VO N KL = GOKL/KLJ

a closed connected subgroup of G/K,. By Theorem 2.7 it suffices to show that
BO(GO/GO N KL) is w*-closed in B(GO/GO N KL).

Now, since By(G) is w*-closed in B(G), Byo(G/K,) is w*-closed in B(G/K,) by
Lemma 2.4, and hence By(H,/K,) is w*-closed in B(H,/K,) by Lemma 2.3. More-
over, GoK,/K, is a cocompact connected normal subgroup of the connected Lie
group H,/K,. Thus, by Corollary 2.9, By(GoK,/K,) is w*-closed in B(GoK,/K,).
This proves that Byo(Go/Go N K,) is w*-closed in B(Go/Go N K,). O

We conclude this section with some remarks.

Remarks 2.11. (i) The connected reductive Lie groups with property (7') and com-
pact centres are precisely the groups of the form G = (R" x Gy x --- X G,) /T,
where Gy, ..., Gy, are simple Lie groups not locally isomorphic to SO(k, 1), k > 2,
or SU(k,1), k > 1, and I is a discrete cocompact subgroup of R™ x Z; X - -+ X Z,,
the centre of R® x G1 X -+ X Gpp,.

Indeed, if G is of this form, then G/Z(G) = G1 X - - - X Gy, where Z(G) denotes
the centre of G, has property (T') (see [14, Chap. 2, 13. Corollaire, 9. Remarque and
Chap. 9]). As Z(G) is compact, G has property (T') [14, Chap. 1, 9. Proposition].

Conversely, let G be a connected reductive Lie group with property (7') and
compact centre. Let G =R"x G1 X -+ - X Gy, be its universal covering group, where
Gy, ...,G,, are simple Lie groups with centres 71, ..., Z,,. The arguments used in
the proof of Lemma 2.6 show that G, ..., Gy, have property (T') and hence are not
locally isomorphic to SO(k, 1) or SU(k, 1) (see [14, Chap. 6, 23. Corollaire]).

(ii) Let G be a discrete group such that By(G) is w*-closed in B(G). Then every
element in G has finite order. Indeed, this follows immediately by applying Lemma
2.2 to the cyclic subgroups of G.

(iii) Let G be a linear group (that is, a subgroup GL(n, K) for some field K)
with the discrete topology. If G is infinite, then By(G) is not w*-closed in B(G).
In fact, this is clear from (ii) if G has an element of infinite order. On the other
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hand, if G is a torsion group, then it is well known to be locally finite [6, Theorem
9.2] and hence amenable, so that the claim follows from Lemma 2.2.

3. CHARACTERIZATIONS OF COMPACT GROUPS

If G is a compact group then A(G) = B(G). It seems likely that the converse
is also true; i.e. w*-closedness of A(G) in B(G) already forces G to be compact.
We have been able to show this for groups containing an almost connected open
normal subgroup (Theorem 3.6). The case that remains open is that of a totally
disconnected group.

We start with a lemma which will be generalized in Section 4 (Lemma 4.2).

Lemma 3.1. If A(G) is w*-closed in B(G) and H is an open subgroup of G, then
A(H) is w*-closed in B(H).
Proof. Tt suffices to show that the unit ball of A(H) is w*-closed in the unit ball of
B(H). Thus, let (¢,) be a net in A(H) and ¢ € B(H) such that

el <10l <1 and o, — ¢

in the w*-topology. Let ¢, and ¢ denote the trivial extensions of ¢, and ¢ to G.
Then ¢, € A(G), ||¢.]| <1 and, for each f € L*(G),

/ 5u(@)f (x)dz = / ou() f(h)dh
G H

— [ esman = [ g
H G

Hence ¢, — ¢ in the o(B(G), L'(G))-topology. Since ($,) is a bounded net, it
follows that (,) is w*-convergent to ¢. By hypothesis, ¢ € A(G) and so ¢ €
A(H). |
Lemma 3.2. Let K be a compact normal subgroup of G. If A(G) is w*-closed in
B(G), then A(G/K) is w*-closed in B(G/K).

Proof. Consider the map Tk : f — Tk f from L'(G) onto L'(G/K) given by

Tk f(zK) = /K f(zk)dk.

This map extends to a *-homomorphism from C*(G) onto C*(G/K) with dual
map T} : B(G/K) — B(G). Furthermore, T} (B(G/K)) consists precisely of
those functions in B(G) that are constant on cosets of K [8, (2.26)]. Also, since K
is compact,

Tk (A(G/K)) = A(G) N Tk (B(G/K)).

Now, let ¢, € A(G/K) such that ¢, — ¢ in the w*-topology for some ¢ € B(G/K).
Then

(Tg (), ) = (0, T (f)) = (o, T (f)) = (T (9), )
for each f € C*(G). Thus, by hypothesis, Ty (¢) € A(G) and so
Tx(p) € A(G) NTx(B(G/K)),
whence ¢ € A(G/K). |

Lemma 3.3. Let G be an almost connected locally compact group. If A(G) is w*-
closed in B(G), then G is compact.
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Proof. Since an almost connected group is a projective limit of Lie groups and
A(G/K) is w*-closed in B(G/K) for every compact normal subgroup K of G
(Lemma 3.2), we can assume that G is a Lie group. Being a compactly gener-
ated Lie group, G is second countable and hence A(G) is a separable Banach space.
By hypothesis,

A(G) = BA(G) = C1(G)".

Now, a C*-algebra A with separable dual Banach space has a countable dual A (see
Section 1). It follows that C:'T, the reduced dual of G, is countable. Finally, by [2,
Theorem 2.5] a separable Lie group with countable reduced dual is compact. This
shows that G is compact. O

Corollary 3.4. Let G be any locally compact group and suppose that A(G) is w*-
closed in B(G). Then G contains a compact open subgroup.

Proof. Since G/Gy is totally disconnected, there exists an open subgroup H of G so
that H/Gy is compact. By Lemma 3.1, A(H) is w*-closed and hence H is compact
by Lemma 3.3. O

Lemma 3.5. If G is a discrete group and A(G) is w*-closed in B(G), then G is
finite.

Proof. Assume that G is infinite. Then G has a countable infinite subgroup H. By
Lemma 3.1, A(H) is w*-closed in B(H). As in the proof of Lemma 3.3 we now
conclude that H, is countable. Applying Baggett’s result again, it follows that H
is finite, a contradiction. O

Theorem 3.6. Suppose that G contains an almost connected open mormal sub-
group. Then A(G) is w*-closed in B(G) if and only if G is compact.

Proof. Let N be an almost connected open normal subgroup of G. Then A(N) is
w*-closed in B(N) by Lemma 3.1, and Lemma 3.3 implies that N is compact. By
Lemma 3.2, A(G/N) is w*-closed in B(G/N). Since N is open, Lemma 3.5 gives
that G/N is finite. Thus G is compact. O

We now turn to a second characterization of compact groups in terms of certain
properties of the w*-topology on B(G). If G is a compact group, then the w*-
topology and the norm topology agree on the unit sphere of B(G) = A(G) [11,
Corollary 2]. We are going to establish the converse to this (see [22, Theorem 5] for
the amenable case). Actually, we prove a stronger result in that we replace the unit
sphere of B(G) by the smaller set Py\(G) = BA(G)NP(G) of all normalized positive
definite functions on G associated to representations that are weakly contained in
the left regular representation. Note that this property implies the Radon-Nikodym
property for B(G) but not conversely (see [11] and [33]).

For any locally compact group G, let Py(G) = Bx(G) N P(G), the set of all
normalized continuous positive definite functions on G associated to representations
that are weakly contained in the left regular representation. Py(G) is a w*-compact
convex subset of B(G). We denote by ex(Py(G)) the set of extreme points of the
w*-compact convex subset Py (G) of B(G).

Lemma 3.7. Let G be a locally compact group and ¢ € ex(P\(G)). Suppose that
@ 1s a point of continuity of the identity map

(ex(PA(G)), w") — (ex(Px(G)), | - [])-

Then m, is an isolated point in ér.



2286 M. B. BEKKA ET AL.

Proof. Notice first that ex(Py(G)) C ex(P(G)) because if ¢ € Py(G) and ¢ € P(G)
are such that cp — 9 is positive definite for some ¢ > 0, then ¢ € Py(G). By [5,
2.12.1),if @1, @2 € ex(P(G)) and 7y, and 7, are not equivalent, then |1 —p2| > 2.
By assumption there exists a w*-open subset U of ex(Py(G)) such that

U C {6 € ex(PA(Q)) : v — ]l < 2}.

It follows that 7y, = m, for all ¥ € U. Now, by [5, Theorem 3.4.11], the map
q: Y — my from ex(Px(G)) onto Gy is open. Thus {m,} = ¢(U) isopen in G,. O

Lemma 3.8. Let H be an open subgroup of G. If the identity map from (Px(G),w*)
to (Px(H), || -1|) s continuous, then the identity map from (P\(H),w*) to (Px(H),
|- 1) s continuous.

Proof. For any ¢ € Py(H), the trivial extension ¢ belongs to Py(G). Indeed, ¢ is
a positive definite function associated to the induced representation ind% Ty, and
T, < Ag implies

ind% m, < ind$ Ay = Aq.

Let (pq) be a net in Py(H) converging to ¢ € Pyx(H) in the w*-topology. Then
Pa — @ in the w*-topology on P)(G) (compare the proof of Lemma 3.1). By
hypothesis, ||po — @|| — 0 and hence ||po — @] — 0. |

Theorem 3.9. For any locally compact group G the following conditions are equiv-
alent.
(i) G is compact.
(ii) The w*-topology and the norm topology agree on the unit sphere of B(G).
(iii) The w*-topology and the norm topology agree on Py(G).

Proof. As mentioned above, (i)=-(ii) is due to Granirer and Leinert [11]. Since
(ii)=-(iii) is trivial, it only remains to prove (iii)=-(i).

Assume that G fails to be compact. Then G contains a non-compact, o-compact,
open subgroup H. By Lemma 3.8, the w*-topology and the norm topology coincide
on Py(H). It follows from Lemma 3.7 that H, is discrete. Since H is o-compact
Theorem 7.6 of [34] now shows that H is compact, a contradiction. (]

4. WHEN 1s A,(G) w*-CLOSED IN B(G)?

For a locally compact group G and any unitary representation 7 of G, the Fourier
space A,(G) associated to 7 is defined to be the norm-closed linear subspace of
B(G) generated by all the coordinate functions of 7 [1], that is, the functions of
the form = — (n(x)&,n), &, € Hy.

The conjugation representation ¢ (or simply «, if no confusion can arise) on
L?(G) is defined by

ve(2)f(y) = A(x) /2 f(z 7 ya),

f € L*(G), x,y € G. The purpose of this section is to investigate the question of
when A, (G) is w*-closed in B(G). It will turn out that this is closely related to
problems on the support of v as studied in [21]. We start with two simple facts on
Ax(G) for general representations 7.
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Lemma 4.1. If G is a compact group, then A, (G) is w*-closed in B(G) for every
representation m of G.

Proof. The w*-closure A;(G) of A:(G) is the dual space of the C*-algebra

m(C*(G)), which is a quotient of C*(G). Hence each ¢ € AF(G)w is a linear
combination of positive definite functions in A(G) . Therefore, it suffices to

prove that every positive definite p € A,(G) actually is in A, (G).

For that, notice that there is a net (p,) in A;(G) such that ¢, — ¢ in the w*-
topology and ||| — ||¢|l (compare [10, p. 565]). By [11, Theorem A] it follows
that ||pat) — @] — 0 for every ¢ € A(G). In particular, ||¢ — ¢|| — 0 by setting
1 =1¢€ B(G) = A(G). This shows that ¢ € A-(G). O

Lemma 4.2. Suppose that 7 is a representation of G such that A (G) is w*-closed
in B(G). Then Ay g(H) is w*-closed in B(H) for every open subgroup H of G.

Proof. Recall that, by [1, Theorem 2.2], ¢ € B(G) belongs to A.(G) if and only if
© can be written as
¥ = (m(-)ns M)
n=1

where &, nn € Hy and 307 [[&nll - |90 ]| < oo. In particular, Ay (H) = Ax(G)|H.
It suffices to show that the unit ball of Ay g (H) is w*-closed in the unit ball of
B(H). Thus, let ¢; € Ayg(H), i € I, and p € B(H) such that [|o;|| <1, [Jo]| <1
and ; — ¢ in the w*-topology. Choose representations

o0

;= Z(ﬂ')ﬁm;ﬁm)
n=1
such that Y07 | |&mnl| - [min]l < 2 (see [1, Proposition 2.9]). Define

Yi(x) = ) (7(x)&ins Nin)
n=1
forallz € Gandi € I. Then ¢; € Az (G) and ||¢;]] < 2. Since the unit ball in B(G)
is w*-compact, we can assume that ¢; — v in the w*-topology for some ¥ € B(G).
Now, Az (G) is w*-closed in B(G), so that ¢ € A;(G) and hence |H € A g (H).
On the other hand, the restriction map B(G) — B(H) is w*-continuous as H is
open (see Section 5). Indeed, this follows from the fact that C*(H) is a subalgebra
of C*(G) whenever H is open in G. Thus

wi = |H — ¢|H and ¢; — ¢
in the w*-topology. This proves ¢ = Y|H € Ay g (H). |

We now apply the preceding lemmas to the conjugation representation. The
following corollary will be used several times in the sequel.

Corollary 4.3. Suppose that G is second countable and A, (G) is w*-closed in
B(G). Then, for every open subgroup H of G, suppvyy is countable.

Proof. Since G is second countable, A, (G) is norm separable. Since the restriction
map from B(G) to B(H) is norm continuous, A, g(H) = A,;(G)|H is norm
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separable. Now, since yp is a subrepresentation of yg|H and A, g (H) is w*-
closed in B(H) by Lemma 4.2,

A (H) C A u(H),

*

so that A, (H)w is norm separable. Thus vy (C*(H)) has a norm separable dual
Banach space, A, (H )w , and hence
suppyh = vu (C"(H))™

is countable. O

Corollary 4.4. Let Z(G) denote the centre of G. If G/Z(G) is compact, then
A\ (G) is w*-closed in B(G).

Proof. For z € Z(G), vo(z) is the identity on L?(G). Thus n(zZ(G)) = va(x),
x € G, defines a representation of G/Z(G), and therefore A,(G/Z(G)) is w*-
closed in B(G/Z(G)) by Lemma 4.1. Denoting by ¢ : G — G/Z(G) the quotient
homomorphism, we have

404 (G) = A-(G/Z(G)) o q.
By [1, (2.10)], A, (G) is w*-closed in B(G). O

Our goal is to establish the converse to Corollary 4.4 for Lie groups with count-
ably many connected components (Theorem 4.8). Apart from using various results
from [21], a major step in proving the theorem will be the next lemma.

We remind the reader that a group G is called an FC-group if all its conjugacy
classes are finite. Such a group, more generally every locally compact group all of
whose conjugacy classes are relatively compact, is amenable.

Lemma 4.5. Let G be a countable discrete FC-group. If supp yg is countable, then
G has a finite commutator subgroup.

Proof. Let S = supp~¢ and notice first that points in S are closed in G. Indeed,
the primitive ideal space of any FC-group is a T} space (see [28, Theorem 5.2]) and
C3(G), being a separable C*-algebra with countable dual, is of type I. Thus the
points of S are closed in G. Since C*(G) is unital, it follows that every o € S is
finite dimensional.

Next, employing the facts that points in S are closed, that S is countable and
that duals of C*-algebras are Baire spaces [5, (3.4.13)], a straightforward argument
yields the existence of some dense subset D of S consisting of points that are also
open in S.

Since G is a countable amenable group,

U supp(r &7
ﬂ'Eé

is a dense subset of S by [19, Theorem]. Let C(S) denote the set of all closed subsets
of S, endowed with Fell’s topology [10, p. 427]. By [18, Proposition 2], the mapping

7 — supp(r ®7), G — C(S)
is continuous. It follows that
V={reG:supp(r@7)ND+}

is non-empty and open in G.
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Now, as points in D are open in S, supp(m ® T) contains a finite dimensional
subrepresentation for each m € V. However, m ® ™ then also contains the trivial
representation 1. This can be seen as follows. Suppose that 7 is finite dimensional
and that 7 < 7 ® 7. Then

1 <77 <7QR7TXT,

and 7 ® 7 is a (finite) direct sum of irreducible representations p1, ..., p,. Thus
1lg < w®7p; for some 4, which is impossible unless p; ~ 7 (see [17, Proposition 2.4]).
As is well-known, 1 < 7 ® T forces m to be finite dimensional. Hence every 7 € V
is finite dimensional.

Finally, for a discrete FC-group G, the existence of a non-empty open subset
in G consisting of finite dimensional representations implies that G has a finite
commutator subgroup. In fact, in this case the left regular representation of G has
a subrepresentation of type I, and then the commutator subgroup has to be finite
by [16, Satz 1] (see also [32, Theorem 3]). O

Lemma 4.6. Let G be a locally compact group with open centre. Then, for each
a € @G,

indg(a) Lo <7as

where C(a) denotes the centralizer of a in G.

Proof. Since indg(a) 1¢(a) s the cyclic representation of G defined by the positive
definite function x¢(q), the characteristic function of C(a), and since C(a) is open,
it suffices to show that given any compact subset K of G\ C(a), there is a positive
definite function ¢ associated to g such that ¢(z) = 1 for all z € C(a) and
p(x) =0 for all € K. Now, since

C={a'27ar: 2 € K}

is compact and e ¢ C, we find an open neighborhood V of e, contained in the centre
of G, such that CV NV = @. Let

(,D((E) = |Vv|_1 <’YG(:E)X¢1V7 XaV>

for x € G. Then it is easily verified that ¢(x) = 1 for all x € C(a) and p(z) =0
for all x € K. O

Lemma 4.7. Suppose that G is second countable and contains an open normal
subgroup N such that G/N is abelian and every irreducible representation of N is
finite dimensional. If supp vg is countable, then every irreducible representation of
G is finite dimensional.

Proof. Given an irreducible representation 7 of GG, there exist a subgroup H of G
and a finite dimensional irreducible representation 7 of H such that N C H and

7 ~ind% 7.

In fact, this has been shown in [7, Theorem 3.2.3] as an application of representation
theory of crossed product C*-algebras. We prefer to outline a direct argument
for this within the framework of Mackey’s unitary representation theory of group
extensions [26].

Choose v € N such that 7| N ~ G(7), the G-orbit of v in N under the action of
G. Let S denote the stability subgroup of v. By [26, Theorems 8.2 and 8.3], there
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exist a multiplier w on S/N, an irreducible w-representation p of S in H, and an
irreducible w-representation ¢ of S/N such that

r=mnd§(p® o).
Now, an irreducible w-representation of an abelian group is weakly equivalent to the
w-representation induced from some one-dimensional w-representation of a certain

subgroup. Hence there exist a subgroup H of S containing N and a one-dimensional
w-representation A of H/N such that

p@0o~p@indy A= indy (p|H @ N).
Let m = p|H ® A, a finite dimensional ordinary representation. Then
7~ ind§ (indy (p| H ® \)) = ind§ 7,

as required.
It follows that

o7 =ind$(r @7 H) > nd%(r @ 7)
= ind§ 1y ~ G/H.

On the other hand, 7 ® T is weakly contained in ¢ since G is amenable. Now, as
supp ¢ is countable and H is open and G/ H is abelian, H must have finite index
in G. Thus, ind$ 7 is finite dimensional and hence so is 7. |

Theorem 4.8. Suppose that G is a Lie group with countably many connected com-
ponents. If Ay, (G) is w*-closed in B(G), then G/Z(G) is compact.

Proof. For any normal subgroup N of G, let ¢n : G — G/N denote the quotient
homomorphism. Since A, (G) is w*-closed in B(G) and G is second countable, and
since the connected component Gy of e is open, supp v, is countable by Corollary
4.3. Theorem 3.4 of [21] yields that Gy = V x C, the direct product of a vector
group V and a compact group C'. Clearly, C' is normal in G.

We claim that V = Go/C is contained in the centre of G/C. To that end, fix
a € G and consider the open subgroup H of G generated by a and Gy. Then
supp vy is countable (Corollary 4.3), and since

YG/c ©qc = YH
due to the compactness of C' [19, Remark 1], it follows that vz,c has a countable
support. Since Go/C' is a vector group and (H/C)/(Go/C) = H/G is abelian, an
application of Lemma 3.2 in [21] shows that G¢/C is in the centre of H/C'. Since
a is arbitrary, Go/C is central in G/C.
Next we are going to prove that G /G has a finite commutator subgroup. Passing

to F' = G/C, we know that yp has countable support, and since V' is central in F,
by [21, Lemma 1.1]

YF/V ©qv = VF,
so that supp v,y is countable. Let D = F/V and denote by Dy the finite conjugacy
class subgroup of D. Then, by [20, Theorem 1.8]
/\D/Df °qp; = VD,

where Ap/p, is the regular representation of D/Dy. Thus the reduced dual of
D/Dy is countable, and hence D/Dy is finite (see [2, 34]). At this stage we know
in particular that G is amenable, so that vg/n © gv < 7 for each closed normal
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subgroup N of G [21, Lemma 1.1]. Also, vp, has countable support and therefore
the commutator subgroup D} of Dy is finite by Lemma 4.5. Let N be the inverse
image of D} in G and let E = G/N. Then vg has countable support, and E
possesses an abelian normal subgroup A of finite index, namely A = Dy/ D}. We
apply Lemma 4.6 to I and obtain that

Hldg(m) 10(1) <YE
for every z € E. It follows that

indé(m)ﬁA 1C(w)ﬁA =< (indg(m) 10(1))|A =< ”yE|A,

and vg|A has countable support since vg does and F/A is finite. However, A being
abelian, countability of

(A/C(x) N A)"= supp(ind{(;)na 1o(m)na)

implies that C(x) N A is of finite index in A. Hence C(z) has finite index in E for
every x € E. Therefore G/N is an FC-group, and Lemma 4.5 implies that E has a
finite commutator subgroup. Recalling that N/Go = D is finite, we conclude that
G /Gy has a finite commutator subgroup.

Since G/Gy has a finite commutator subgroup, there exists a normal subgroup
N of G such that Gy € N, N/Gy is finite and G/N is abelian. Now, Go =V x C,
and this implies that all the irreducible representations of N are finite dimensional.
Since supp g is countable, Lemma 4.7 shows that G has only finite dimensional
irreducible representations.

On the other hand, G has a relatively compact commutator subgroup. To see
this, notice first that since V' is contained in the centre of N/C, N/C has a finite
commutator subgroup. Denoting its inverse in G by K, N/K is isomorphic to V.
By arguments that have previously been used, V is central in G/K, and applying
Lemma 4.6 again, this time to G/K, we conclude that G/K is a group with finite
conjugacy classes.

Thus G is a group with relatively compact conjugacy classes all of whose irre-
ducible representations are finite dimensional. Since, in addition, G is a Lie group,
combining Theorem 2 of [27] and Lemma 5.4 of [24] shows that G/Z(G) is com-
pact. O

5. w*-CONTINUITY OF THE RESTRICTION MAP

Let G be a locally compact group, and let H be a closed subgroup of G. In this
section we study the question of when the restriction map

®:B(G)— B(H),p — p|H

is continuous for the w*-topologies. Clearly, if H is open then C*(H) is a subalgebra
of C*(@) and hence ® is w*-continuous. We are going to establish the following
converse.

Theorem 5.1. Let H be a closed subgroup of the locally compact group G. If the
restriction map B(G) — B(H) is continuous for the w*- topologies, then H is open
in G.

Let M(G) denote the algebra of all bounded measures on G. The canonical
embedding of L!(G) into M (G) extends to an isometric *~homomorphism of C*(G)
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into C*(M(G)), the enveloping C*-algebra of M (G). Therefore we may (and shall)
identify C*(G) with a closed two-sided ideal of C*(M(G)).

Let H be a closed subgroup of G. For f € L'(H), let py € M(G) denote
the measure on G defined by f. The mapping f — s from L'(H) into M(G)
extends to a *-homomorphism ¥ : C*(H) — C*(M(G)). By general principles, the
restriction map ® : B(G) — B(H) is w*-continuous if and only if ® is the transpose
of some continuous linear mapping © : C*(H) — C*(G). It is easy to verify that,
in this case, © has to agree with ¥ on L'(H). Hence we have the following lemma.

Lemma 5.2. The restriction map ® : B(G) — B(H) is w*-continuous if and only
if the range of U : C*(H) — C*(M(Q)) is contained in C*(G).

Remark 5.3. It is interesting to notice that the homomorphism ¥ : C*(H) —
C*(M(G)) need not always be injective (see [4]).

Now, let p denote the right regular representation of G' on L?(G) and C (M (G))
the C*-subalgebra of L(L?*(G)) generated by the set of all operators p(u), p €
M(G). The mapping f — g from L'(H) into M (G) extends to a *-homomorphism

U, :C*(H) — C:(M(G)).
It is clear that W, is the composition of ¥ and the canonical homomorphism from
C*(M(G)) onto C(M(Q)).
In view of Lemma 5.2, we thus observe that Theorem 5.1 will be a consequence
of the following stronger result.

Theorem 5.4. Let H be a closed subgroup of the locally compact group G. If the
range of the homomorphism ¥, : C*(H) — C*(M(Q)) is contained in C}(G), then
H is open in G.

The proof of Theorem 5.4 depends on two elementary lemmas, the first of which
appears also in [25]. For the sake of completeness, however, we give a very short
and different proof.

Lemma 5.5. Let G be a locally compact group and let T € C¥(G). Suppose that
K is a compact subset of G and regard L*(K) as a closed subspace of L*(G) in the
usual manner. Then the restriction

T|IL*(K): L*(K) — L*(G)
of T to L*(K) is a compact operator.
Proof. Of course, it suffices to prove the statement for operators T' of the form

T = p(f) where f € C.(G). Let K’ = supp f- K. Then Tg € L?(K’) for all
g € L*(K). Choose f; € C.(K') and g; € C.(K) such that, as n — oo,

2

|13 5@ - fa)| dady —o.

¢Ja|in

It is straightforward to verify that this implies that T': L?(K) — L?(K') is a norm
limit of finite rank operators. O

Lemma 5.6. Let (X, ) be a probability measure space without atoms. Then the
canonical embedding L?(X) — LY(X) fails to be compact.
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Proof. Tt suffices to show that there is an orthonormal sequence (f,), in L?*(X)
such that ||fn]lcc < 1. Indeed, we then have

2=|fn— ful3 = /X |fa(@) = frn (@) Pdp(@) < || fn = fimlln

for all n,m € N, n # m, and hence no subsequence of (f,,),, can converge in L*(X).

Since p has no atoms, there exists, for every 0 < r < 1, a measurable subset A
of X with p(A) = r (see [13, Section 4.1, Exercise 1]). Therefore, we can choose
inductively, for every n € N, disjoint measurable subsets

AN AP AR
of X with the following properties:
(1) wA™M) = Sy fori=1,...,277L,

2) AZFD AGTY €A™ fori=1,... 271,
For each n € N, define a function f,, € L?(X) (a kind of Rademacher function) by

setting

fn(z) = (=1)" for z € Agn) andi=1,...,2"" "

By construction and (1) and (2), we obviously have

1falloe = [ fullz = 1 and /X Ful@) fon(@)dp(z) =0, n#m.
This completes the proof. O

Proof of Theorem 5.4. Let H be a closed subgroup of G and suppose ¥,.(C*(H))
is contained in C}(G). Fix a Bruhat function 3 on G for H (see [31, Chapter §]),
that is, a non-negative continuous function 8 on G with the following properties:
(i) For every compact subset K of G, 8 agrees on K H with the restriction of
some function from C.(G).
(i) [, B(xh)dh =1 for all z € G.
Let Ag and Ay denote the modular functions of G and H, respectively, and define
a function ¢ on G by

o(z) = /H B(ah) A (h)A g (h) " dh.

Since g(zh) = q(z)AG(h)“lAH(h) for all z € G and h € H, there exists a quasi-
invariant measure dy& on G = G//H such that

[ ()= o

for all f € L*(G) [31, Chapter 8.

Now let K C @ be a compact neighbourhood of é in G. We are going to prove
that K is finite. Clearly, this will imply that H is open. Let 7 : G — G denote the
quotient map and choose a compact neighbourhood K of e in G so that n(K) = K.

Fix a continuous function f with compact support on H such that

[ 1wscydn 2o,
H
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Let K’ = KH N supp B, which is a compact subset of G. By Lemma 5.5, the
restriction of p(uy), the right convolution operator defined by py, to L*(K') is a
compact operator. Define a linear mapping

T:L*(K,d,&) — L*(K')
by Tg(z) = g(&)8(x)"/? for g € L*(K,d,#) and = € K. Since

B(zh) ..
u q(zh) ah =

for all x € G, we have
. . 2 h)
T 2:/ < lg()|°B(z dh>d A
1Tgll2 o\ Uy q(zh) q

- / 19(8) 2dgi = 3]
G

Thus 7T is a bounded linear operator. Set
= / Bxh)'*Ag(h)Ag(h) " dh
H
for x € G. Then, for all z € G and h € H,

a1(zh) = q1(2)Aa(h) "' Ap(h).

Hence there exists a quasi-invariant measure dg, # on G such that
q(zh) > : /
dh)dyz= | g(x)dx
/c‘; </H a1 (zh) " G @)

for all g € L'(G). Let
S: LYG) — LYG,dy, )

1 o
il /H Bah) A (h)Am(h)~'dh =1

be the linear operator defined by

[ glzh)
Sg(x) B /H q1 (33h) dh

for g € C.(G). S is bounded since

Sall o </( Ig(x)Idh>
15911, (G,dg, &) o \Jy q1(zh) = llgll1-

Observe next that p(uy) maps L?(K') into L?(K") for some compact subset K of
G. Hence p(pus)T map L?(K,dyi) into L'(G), and we may consider the bounded
linear operator

Sp(us)T : L*(K,dyt) — LYG,dg, ).
For § € C(K), we have

Spluna @& =3(@) [ s ([ steni 2 wa) an

/ f(k ( Hﬁ qﬁ?ﬁ?%h) dk.
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However, for z € G and k € K,

B(zhk)'/? . B(xh)t/?
e R A e R
zh)1/2
= Ag(k)™? H%dh:AG(krl.

Thus, setting a = [;; f(k)Ac(k)~'dk # 0, we obtain that
Splppia)T(9) = ag

for all ¢ € L?*(K,d,&). Now, by hypothesis and Lemma 5.5, the restriction of
p(pp a) to L2(K') is compact. Hence

ol : LXK, dyi) — LYK, dg, &)

is a compact operator.
Finally, notice that since

. q(x) .
dg, & = —=d &
q1 q(x) q
and % is a strictly positive continuous function on the compact set K, the corre-

sponding L!-spaces are equal and the L'-norms are equivalent. Hence the embed-
ding

L*(K,dyi) — LMK, d,)

is compact. By Lemma 5.6, K has to have atoms. However, this implies that K is
finite. O
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